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logical observations available. Now that the long-sought 
foundation for a reliable system of pressure reduction is 
laid out, further developments in aerological work and 
the establishment of truer free-air normals, hold out 
hopes of future refinements in the system to the point of 
unreaerved acceptance of the results. 

2. As brou h t  out in the test of this paper; there are a 

tra’ectories by means of the free balloon, or of accepting 
suc h representation as valid. The chief of these are thr 
difficulties, in practice, of maintaining constant altitude 
and determining the location of the balloon, and con- 
siderations of vertical component of air movement. The 
question as to whether further practice of free bal1oonin.g 
might lead to closer approximation to the facts on this 
particular point, vies with the question as to whether 
the additional knowledge gained would justiIy the effort 
and expense involved. 

3. Referring to the general problem of free-ballooning 
with relation to meteorology, there can be no questinn 
as to the reciprocal benefits of one to the other; in fact, 
the very dependence of ballooning on meteorology com- 
pels the belief that meteorology can not help but add to 
its fund of knowledge from a pursuit to which i t  is indis- 
pensable. There are a number of problems in nieteor- 
ology peculiarly adaptable to free balloon investigation, 

number of di h culties in the way of representing free-air 

some of sufficient importance to make this means of 
atteni t at solution well worth the effort. Suggestions 

sons for Meisinger’s flights, are contained in Lhe text of 
of suc R problems, t,hat incidentally were accessorial rea- 

woii P d go a l o w  way t.oward admitting the futilit of 

this paper, as, for exam fifth and sixt.h flight.8. 
for meteorological pur- 

poses must flight.s in unsettled 
Any program of 

wea.t.her, rains, and snows, as well as in fair weather. 
To ronounce against flights in any but fair weather 

aeronaut.ics. TEe great danger lies, of course, in t un- 
derstorms. The t,ragic denouement, of this roject. fol- 
lowing so soon nft.er the toll of lives exa.ct,ecl \ y the con- 
dit.ions during the National and 1nternat.ional Balloon 
races of 1933, emphasizes the menace of thunderstorms 
t.0 inflammabl charged balloons. It is a matter of rec- 

manned balloons attributrable tb thunderst,oims the voy- 
agers were aware beforehand of t,he risks t,hey were fac.ing. 
It is sufficient, test.inionia1 bo the aid rendered by meteor- 
ology in this field t,hat. it. can warn of danger even though 
it can not pro hesy disast,er. Safety in free-ballooning 
will be realize 9 when precaut,ion is no longer made sub- 
ordinate to loyalty t.0 purpose and when it is conceded 
t.hat “safety first.’ is as applicable and justifiable in this 
line of scient,ific work RS in any other peacetime endeavor. 

i 

ord t,hat in a1 f instances in recent years of dimsters to 

O N  T H E  MEAN VARIABILITY I N  RANDOM SERIES1 

By EDGAR W. WOOLARD 

[IT. S. WPathw Bureau, Wa4iington. D. C., Mnrch ?i, 19251 

The human mind is so constituted that, when con- 
fronted by an extensive array of numerical d a h ,  it, is 
incapable of adequately grasping the significance of the 
figures or of detecti and comprehending the relat.ions 

defect, special methods,. known as stat,istical, have been 
devised for the scientific treat,ment of collections of 
data pertaining to mass henomena. Statistics accom- 

their significance can be more readily grasped, and bg 
inventing special analytical processes designed to  reven.1 
the laws and relations concealed in bhe figures. 

One common statistical rocedure for rendering dnt,a 

the original 1 e body of raw numerical mat,erial by n 
very small an Y compact set of summary coefficients 
whch concisely, et adequately and comprehensively, 

all the essential Ieatures of t,he 
c,omplete data. Of course such a replacement is neces- 
sarily made at  the expense of detail-no summary can, 
b virtue of its very nature, contain uZZ the facts-but 

ixnd features essential or relevant to b7t.e pirrposm in hand. 
thus he 

succinctly described or characterized by, a n k  at, least 
for.many purposes of statistical analpis, may be replnced 
by, a brief set of statistical coefficients or indices, one 

. 
and laws exhibited 5 y the daha. To overcome this 

plishes it,s object by disp P aying data in forms such that, 

amenable to our mental P aculties is that of replacing 

resume in themseves s 
t l? e effort is made to retain in the summary all the fa& 

‘An extensive body of numerical data ma 

. . - - . - .. 
1 In vlew of the usefulness of the smdled oouterenu ratio in meteorologic81 invrstiga 

tions Mr Woolard was asked to examine the question tls to whether tbere could nnt be 
devefopd a generalization of Ooutereau’s theorem, which as we understsnrl it ?pp!les 
strictly to numbers in a Oaussian dlstribution. From a very superficial examinntion 
on my own part, I am impreased with the lnct that this yatin. while not constnntly equal 
to the square root of 2, (1.41), nevertheless has a value diflering but little from that value 
for very widely differing frequency distributlons. For example, the U-sbaped distri- 
bution of a table of sines seems to lend to a ratlo of about 1.25. 
The problem might be stated 11s follows: 
Oiven a limited series of numherq a, h, e, k of which 1.. b . fk represent 

the dat ive  frequencies of these nuGbers. R;ga;dl&s of the order 4 succession. the 
mean devlation of tbese numbers may be espressed as md. If the avernge value of the 
mean variation of the numbers In a sequence of unrelnted numhers is v, what is the 
ratio of v+md?-C. F. Narcin. 

c.oeffic.ient. for each of the important. and relevant fea- 
tures of the data. The com arat.ive anal-pis of two 

to which they pertain, in respect to each of their essen- 
tial charact,eristics, then becomes largely a matter of the 
c,omparison of corresponcling statistical indices; two 
different phenomena ma be identical in that aspect 
characterized by the arit i imetic mean of the data, and 

et differ widely in respect to the feature characterized 
Zy, say, the standard deviat,ion. Obviously, in any 
iven case it is a matter of very great importance to 

%e sure we have included in the set of coefficients an 
index for each and every important aspect. of the phenom- 
ena under consideration. 

Now, the stat,istical coefficient2pertaining to a single 
variable to which nearly all the attention of statisticians 
1ia.s thus far been directed relate ent.irely to the various 
chrtract,eristic.s of the fre uencp distribut,ion.’ In most 

induding many import,ant meteorological applications, 
at. least-one other featmure of the data must be taken 
into consideration, via, the order of su,ccession. If the 
stat,istical data in hand relate to, say, biometric measure- 
ments, it is immaterial in what order the data are re- 
sented: but if t,he data re1at.e to the successive va P ues 
taken on by a time-variable, the order in which the 
values occur may be quit.e relevant. 

The order of succession is. in fact, one of the many 
peculiar problems encount’ered when one seeks to apply 
the Theory of Probability and t.he ordinary Theo of 
“Errors ’’ t.0 met.eorologiclt1 da.ta; the meteorologicr?va- 
riables frequently do not conform to the conditions under 
which the mat,liematical t,heories are valid. Statistical 

different seh of data, and of t R e respective phenomena 

cases, perhaps, this is su k cient, but in some problems, 

1 See 0. U. Y i i l ~ .  Inlrodurl’on to thc Thwrv of ~?tntfstirs, chap. vII.  7 ed., London, 1924. 
t Bee. e. g.. V. H. Ryd. On Computation of Meteorological Observations. Danske 

Meteorologiske Institut, .Wfddelrlarr Nr. S. Copenhagen. 1917. 
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meteorology thus furnishes examples wherein it is highly 
desirable to have sonie index depending upon, and coni- 
pletely characterizing, the order 01 succession of the val- 
ues in a statistical series. 

Suppose, for example, that we have a.n observed se- 
quence of values of n t.ime-variable, say a series of daily 
mean temperatures for a number of consecut.ive days, 

f ,  f ,  f , .  . f k .  (1) 

If the numbers f k  were written on balls, m c l  the balls 
drawn one a t  a tinic. at  random from an uim, the result- 
ing sequence of values mi ht,, in some important. respects, 

the case of daily temperatures. long series of successively 
increasing or decreasing values would be less frequent in 
the series obtained by the chance drawings than in the 

roduced by nature--pet the frec uency distri- 

constants pertaining thereto, would be identical. In one 
case we have a se uence brought about by the operat,ion 

........ . . . . . . .  

differ widely from the o % served sequence (1)-e. g., iii 

sequence butions o P the two, and t.he values of all t i e  \ statist,ical 

of pure chance on 7 J-, whereas in t,he other case consecu- 
tive values may not be 
another; yet none of 
determine, when i t  is essential to 
the values of a variable are due to fortuitous causes, 
would distinguish between the t.wo cases, because fliesc! 
tests relate only to the frequency ilistribut,ions. 

Here, 
as in the cast? of so many other statistical c uestioiis, the 

theory of errors of precision niensurements, viz, in con- 
nection with besting observnt ions for the presence of sys- 
tematic errors.' 

The first invest.ignt,ion of thr general statistical prob- 
lem seems to have been that of Grossniann; recently. 
however, some errors in Grossniann's rea.soning have 
be.en pointed out by Besson, who has corrected and ex- 
tendeda the work: but nothing in the nature of a sta- 
tistical coefficient. has been provided by any of these in- 
vestigations. 

A statistical indes characterizing the order of succes- 
sion was first, devised by Qoutereau, in 1906.' He de- 
h e d  a variabildy as t.he absolute value of the difference 
between any number in a sequence nnd the nest. consecu- 
tive number; m d  wibli the aid of Maillet he showed that, 
provided the frequency dist,ribution were Gaussian. the 
ratio of the mean of the variabilities to tho mean.deT-ia.- 
tion must be e unl to42-if the deviations froni the mean 

ratio is actually hut about. half t>liis value in gimeral in 
the case of daily temperatures. 

The Goutereau Rnt.io, as i t  mav he ca.lled. wfls applied 
b its author only to nomial frequency distributions. 
doreover, it, seems to  t,he writer thd, the derivntions of 
the formulae. as given by Goutereau, a.re not, H.S clettr 
and satisfactory as they might, he made, and further- 
more the equations R.S printed cont,ain several serious 

Very little work has been done on this matter. 

problem was first encount.erc.d HS ti. specia I c ~ s e  in the 

were legitimate 1 y to he likened to fortuitous errors. The 

3 Uoutereau. Annuaire de la Sor. Me/. dr Franrr, 54, 122123, 1906: Woolnrd, MO. 

4 E. Abbe, &bhr dle OketzmSssigkeit in der Verteilnng der Fehler bei Beobsrh- 
tungsreihen. Jena. 1863 (Habilitotionssrhri II: Om. Abh., Bd. 11. Jrna. 1808, pp. W 1 .  
"Abbe's Criterlon" has been modifled s&htlv hv Hdmert. see F. R. Helmert Die 
At6aglcuhungurrchnung narh drr Melhodr drr Kliinalen Quidrate, 2te AuE., Le: rig. 
1907, pp. 341-346. Another method of dealing with thes?mepuestion WRS used by 8 R. 
Helmert and W. Eeibt, Daa Mittelwasser der Ostsee he1 Swmni!munde. 2 Mitt. I i n 5 f .  
d .  K6n. P r p a u .  Qeod. Inst.. IRQO; rf. Jahredmirht d .  Dfrrktors, 1RS9-go. p. s 2 7 .  

8 L. Qrmmsnn. Die Aendcruug der TempPratUre von Tng LU T ~ R  an der deutschen 
Kuste. 

8 L. Besson. On the Comparison of Metecrological Dah with results of Chance. 

7 Ch. Qoutereau. Pur la vnrlabilite dc la teniphtme.' A n n u a h  de in Soc. Am. dr 
France 51 322-127, 1808: Edgar W .  Woolard. The Mean Varlability as a Statistical 
Coedent', YO. -RATHER REV., 49,132-133.1921. 

WEATHER REV 49 132-133 1921. 

A m  drrn Arclrio der Drutdrce Srcu artr, ST111 Jahrgang. 1800. pp. 34-37. 

Translated by EdgW w. W o o l ~ d .  M O .  WEATHER REV 4??, S9-94 1920 

errors. Therefore it seems worth while to remedy these 
defects in Goutereau's presentation, and, if possible, to 
extend the work to include distributions that are not 
normal. 

Let a time-variable t ,  a sequence (1) of n of whose 
yalues we have observed, have t.he following frequency 
distribution: 

(2) 
Values: 
fiepuer&e.9: a, a, a,. ai. - -a8 

2, 2, 2,. ........... q. .......... .3: 
........... ......... 

(3) 

If the variable t be a continuous one, (2) gives the ordi- 
nar histogram, the ri bein the mid-points of the classes. 

&e Arithmetic Mean o B t is 

while the standard deviation and the mean deviation are, 
respectirely, 

x ( t k -  M)' 4+]; (5) 

(6) 

Tht. iiiettn, the standard deviation, end the mean 
deviation are indices which characterize certain features 
of the frequency distribution ( 2 ) ,  and they would have 
the sa.me values in whatever order the t k  were observed 
t.o occur. In the variabilities and their mean, however, 
we have somet.hing de ending upon t,he order in which 

abilit.ies in a sequence such as (1) are given by 

Z ' f k -  C I  . e= 
11 

the t k  present themseves P in the sequence. The vari- 

v k = l t k + i - t k I  I (7) 
and t,he mesn variability in a series of N values is 

Now, if we asslime that the observed sequence (1) 
is a representat.ive sample of t,he results that will follow 
the operation of the causes producing the phenomenon 
under observation, then the frequenc ratios atJn ma be 

individual values xi, and these ma in turn be identified 

of the xi. The roduction of the observed series throu h 
the operat.ion o P the complex of causes determinin t !fl e 
henomenon may then be simulated by drawing %alh 

From an urn in which either (A) there is an infinite 
number of balls marked with the ri in such proportions 
that for any n balls there me on the average q marked 
.r,, n3 marked r?, and so on, the proportions of the differ- 
ent kinds remainin the same no niatter how many may 

with the various aj in t.he proper roportions, the balls 
being returned. after each drawin efore the next draw- 

dealing with a Bernoullian Series). 
If we make a number, N, of successiv@ drawings from 

the urn, we obtain a so-called random or chance sequence 

taken to be the a. posteriori empiric 2 probabilities o 9 the 

with the postdat,iond a priori mat i ematicd probabilities 

be drawn out; or ( s ) in which there are n balls marked 

ing is made. (This assumes, o + course, that we are 
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of numbers; and it is possible under such circumstances, 
as we shall show, to compute the mnthc?matical expect.a-_ 
tion* of t.he value of a variability. A Fomparison of 
this theoretical or “expected ” value with t.he act-ual . 
mean of the observed variabilities may show whether or 
not the observed sequence const.itut,es a cha.rice sequence,, 
i.  e.? whether the order of succession in Nat,ure is a 
random one, controlled by pure chance alone, or is 
controlled by some 8ystsmat.i.c influence. 

An individual variability in any sequence made up 
from the frequency distribution (3) niav happen t.o lmre 
any one of the various possible values of 

~ X ~ - - Z j ~ ,  i, j ?=l ,  2? 3 , - .  x. (9) 

Obviously, the total number of values which t,he expres- 
sion (9) may take on is given by t.he number of “com- 
binations w t h  repetit,ions ” or “comp1et.e combina t.ions ” 
of s things two at  a time, which isB 

(1 0) ( S + l ) !  - 8 -~ ( R + 1 ) .  
($ -1 ) !2 ! -  2 ’ 

but by no means all these values are numerically distinct. 
The same value zero, e. g.,-which oc.curs whenever S=j ,  
is produced by s of these combina.tions, and in genertil 
the remaining 

( 1 1 )  

combinations will not all produce different nuniericd 
values. 

Now, the total number of possible ways in which 
variabilities may be produced is given by the number 
of “permutations with repet>itions ” or “cornplet~e 
arrangements” 

7 (13) .n 2 

By 

of n things two at, tt time. which is 

each of which is an i’equally probable event.. ” 
equation (3) 

na=a?,+u,l+ _ _  _ _  ._ _ _  ._ _ _  +a‘, 
+2u,u,+2a,a3+2n,a,+.  . . - .  . .- +3n,n,  + 3u,aS + 2u,a, + . - . - . - . _, + 2n2ns + _ _  _ _  _ _  _ _  _ _  .- _ _  -k2as-lri8 

I 1-1 s-m 

i=l m-1 i= l  
= En?( + 2 2 nifti,,. (13 )  

It is easily seen that the =a2 ways romprise t,ho.:e of 
the n2 ermutations which givc a zero value t.o (e), 
while t K e term 2a&, corresponds t,o the permutations 
which make (9) e ual to I rq - r r ’ .  

Hence the proba B ility of a zero vnrirtbi1it.y in a sequence 
drawn a t  random from the dist,ribution (2) is 

c a2i 
Il.2 ’ (141 i 

‘ while the probability of R variability 1 1 ~ -  s,I is 

__.. _ _  - -. - - - .-. -. . . - - . 
8 A good ewosltion of the nature and sign1flcanc.e of mathematical expet-t;ilion will 

be found in Q. C~4telnuov0, Calcolo dcllr Prnha#llla, Milan. 1919, mpit. 111; sec also 
Arne Flsbr .  Mathrmaficnl Theory of Probabilllirr. Vol. 1,2 mi., pp. 102-103, N r w  Ywk. 
I ( M 0  

For the combinatorial formulae needed in this paper see E. Netto and H .  Voet. 
Analyse Combinatoh et Theorle des Determinants, E&. dea Sei. bfnlh.,  Tome I, 
vol. 1. Fasc. 1, Park, 1904; or E. Nrtto, Lchrbuch der Cnmbinnfonk, Lelpelg, 1Wl. . 

The probabilities (14) and (15) mag also be found by 
noting that the respective probabilities of the xi in a 
single drawing a.re 

so that, the prohabi1it.y of x, coming Rdjacmt to xq in a 
random series is 

wlieresa the prohahihty of two idrn t k l  values xq being 
wcljurcnt is merrly 

(18) 

If thr xi  xrc thr midpoints of the classes into which 
the t k  arc grouped in formin the frequency distribution 

alw-ays writ P 
(21, and 11 tlic (constant) c 7 ass interval, then we may 

. r i = c + i l i ,  i = l , 2  , - - - - - - -  8, (19) 

whrre c is some constant, positive. negative, or zero. 
The stme is true if the .q are actual values of a discrete 
vtiriable. h heing the unit of measurement. Then the 
~rrirnPrically distinct rn1ut.s of the expression (9): an one 
of  wliicli nri intliviclual vnririhility may happen to Kave, 
n re 

. 0, I t !  27t, : $ / I ,  - . - _ _  _ _  - , (~-1)h .  (20) 

Of the n ( s  + 1112 complete combinations to each of 
which cnrrespontls a value of (9). (s- m) produce the 
samp numerical value. viz, mh.’O 

If we have 

;ind the (s - in! nombinstions till oi which result in the 
.-‘$inip ra luc  mh for (9) are 

‘(24) 

(It is not  necessary to take into account the cases in 
which in = 0, since they wnuld not contribute anything 
t o  our final result). 

ThmpforP, iiu mafhematiral Prpectation. of t k ~  vuri- 
nbility- -thr rxpmtcd, ro;babltz, nr mnpan, variability in. an 
iitelimitt-(/ srqriciiw ofrandom drnvingt+--is giwn by the 
Pgiiatinn 

. . . .. . . . . . . . ... .. . . __ . .  

8- 1 

m-0 
1” Since Z (8 -m)  is an arlthmetir progrcsslon (thesum dthe  Rmt 8 natural numbera 

in fact), its sum is. as it should be, F), the total numb- (10) of combinations. 
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A check on the accuracy of formula (25) is afforded 
by the following somewhat different derivation: The 
value rd, with probability u,/n,, having been drawn, the 
variability mh will result if bhe nest value drawn bo 

(36) 
the probability of such an event is of course 

5* f d = C + (if m) h ; 

(27) 

Now, in order that !26), the second value clrnwn! nity. 
possibly differ from the first, x ~ ,  by as much us f mlt. it 
is necessary and sufficient that i. hare any one of t.he 
values 

1, 2, 3 , - -  _ _  _ _  - - 1  ( - 9 - m ) ,  

m . + l l  m + 2 , - -  _ _  - - - - ,  s. 

Hence, by the addition theorem in the Calculus of 
Probabilities, the probs.bili ty of the vsriabiliby m h ,  
m = l ,  2, 3,-- _ _  _ _  --, (8-11, is l1 

(29) 

and the mathematical expectation heconies 

the same as (25). This formula lends itself ver readily 
to numerical computation, as the esamples to {e given 
below will show. 

If the z1 are all equally probably, a ( =  const. =.a,, n = sa, 
and (25) reduces to 

(30) 
h (8 - 1) (8  + 1) 

38 
-. 2h .~--l 

8, m=l  
E ( V k ) = -  r n ( 8 - ? n ) =  

By equations (6) and (25), the espected value of the 
Goutereau Ratio in a random sequence 

t ,  t ,  t ,  . . . . . . . . . ik . . . . . . . . . tnr (31) 
of N values drawn from the frequency distribution (2:) is 

dom from the same unvarying universe will, like all statis- 
tical coefficients, be sub-ject to fluctuations of sampling, 
of magnit,udes dependent on the size of the sample; and 
in any specific case, before any conclusions as to the res- 

a comparison of the two values given by (33) and (33), 
it is necessary to  know whether or not the difference, if 
any, can he ascribed to errors of sampling. 

From the known formula for the standard error of the 
mean of a.n unbiased sample, and the theorem that the 
st,andard deviation of the difference of two uncorrelated 
cluantit.ies is equal t.o t.he square root of the sum of the 
squares of the sta.ndard deviations of the quantities," we 
see that the standard error of the observed mean variability 
in a random series is 

(34) 

where u is the standard deviation of (2). (The standard 
error of a niean, it will be recalled, is independent of the 
form of t,he frequenc distribution). 

when we come to ap ly our formula? to actual cases: 

known composition (2). we know n priori the true values 
of the )robabilities (10) and of u,  8, etc.; but any sequence 
actually presented to us by Nature is a sample drawn 
from a universe of unknown com osition, and in general 

values given by this sample itself. All Lese adopted 
values are then subject to errors of sam~)ling,'~ and in the . 
case of small samples are quit.e unreliable; nor are we 
sure in general that the true values remain constant. 
Therefore, in actual practice, the value which we com Ute 

true composition of t.he universe from which the observed 
sequence was drawn; and, furthermore, if we do not 
know whether or not the observed sequence is a random 
one, we can not tell whether or not (34) would be 
applicable even if t.he real value of u were known. 

Now, suppose that we have for the frequency distribu- 
t,ion not a histogram (2) but an analyt.ica1 expression, 
i. e., the equation to t.he frequency curve, so that 

ence or ahse.nce of systematic. control cs.n be drawn B rom 

e=- 4 4 N q '  

However, t,he usua P difficulties a.re of course encountered 

When drawing sanip P e sequences (31) from an urn of 

t.he hest we can do is t.o adopt P or these uantities the 

from (33) is itself in error because of our ignorance o P the 

Then, following the second method by which we deduced 
e uation (%), we have for t,lie probability of a variability 
o 9 magnitude h The actual value will be 

Now, if random drawings are made from an urn which 
contains the distribution (S), then, just as each of the 
in ,d iz . idd  variabilities in t,he sequence obt,ained may have 
any one of the values (301, so if a n~rrnbw of sequences like 
(31) are drawn, the actual mean variabilities of t.hese 
different sequences will ran e over a number of different 

other or with tlie e i  ected value: so, too, the niean devia- 

other and from the value ( 6 ) .  In  other words, the actual 
mean variabilities, mean deviations, and Goutereau ratios 
of different individual sequences drawn perfedy at ran- 

values, none of which may P iappen to coincide with each 

tions of the indivi R ual sequences will depart from each 

11 The case m-0 hqs again been eucludrrl: inchdingit. the sum of the probabilities (a) is seen. by equation (13). to be unity. as of course it must. 

and for tlie espected variability 

E (v) = lIL*-i' [ fi;:) Q (z + h) dl: 
' (37) 

+ Q ( d  5oh-h)d.E dh.. 
Thus, if t.he dist,rihution be normal, and x = O  is the 

S" +i+h 1 
mean, t,hen 

I* 0. U. Pule. Inf!oduriion io ihe Thmrv o Siallafic8. 6 ed.. p. 344 flg and 210-211' 
London, 1919. Brltlsh M. 0.. Computer's dndbook,  See. V, sugm. a chip. v; London; 

13 See Handbook of Moihemaiical Staiiaiirs, ed. hy Rietz, chap. v, especially pp. 77,78. 
Boston, 1921. 

1915. 
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and 

The integrations may be carried out by means of the 
substitutions 

2+ (z*h) = 2 x f h = z ,  
xF=* ( 2 I f h ) J  

9 + (2 f h)’ = *(2 + ha) 
dx = d z p ;  

(50) 

whence 

The mean deviation in a normal distribution is given 
by l4 

Hence, in a random sequence drawn from a nornial 
distribution, the value of the Goutereau Ratio becomes 

the result of Goutereau and Mai1let.l’ 
Table 1 

- 

I 1  Urn corn- Composltion, Sam- I I position 1 ple of 1.001 
-I I I P I - P  ’ 

.OB2 .I339 

.a65 .05i 

.131 .la 

.a13 .Z% 

.361 .31 

.ON .045 

.m3 .a7 

.OM I .084 

.007 -.om 

.010 --.m 

.013 +.013 

.015 -.012 

.(lo6 -.m .ai +.OM .m -.002 

(43) 

E uation (25) was subjectecl to esperinienbal best in 

the numbers 1 ,  3, _ _  - -, S in the proportions giren in 
Table and u t  into a dish: 1001 rnndoni drawings 
were then ma ap e, the one drawn being returned each 
time before the nest drawing, and the sequence of num- 
bers thus obtained recorded. Table I also shows the 
observed frequency distribution for this sample sequence 

The expected variability may be coniputed froni equa 
tion (25) according to the scheme shown in Table I1 

14 a. Arne Fisher Mathmatical Theory o Prokbilitirs vol. I 2 ed. pp. 122-24 New 
York, 1922; Q. U. Yhle, Introdwtion lolhc Tieory o/Slati.&. 5 ei.,  p. &I, London: 1819. 

18 Qoutareau I .e. 

the 1 ollowing way: Sisty-one beans were iiiarked with 

a. C. F.harvin, MO. WEATHEB REV., 52,440441,1924. 

The frequency distribution is tabulated in the first two 
columns, following which are 8-1 columns numbered 
1, 2 ,  _ _  _ _  , 8-1: now, beginning with the last frequency, 
viz, 4, LS multiplier, and taking each of the other fre- 
quencies in order-?, 3, _ _  _ _  5--as a multiplicand, fill 
out the last row of the table-& 12, 88 - _ _ ,  20; then, 
using the next to the last frequency-!?-as multiplier, 
and each of the frec uencies receding it-3, 22, - - - , 5- 

44, - - - ,  10: and so c‘n. This can be done quite ra idly 

Then add u each of the numbered colunins, mdtiply 

and multiply this last sum by 211172: the result IS the re- 
quired espectation. 

l’ahle I 

as niiiltiplicancl, fi \ 1 out t R e nest to the last row-6, 

with a niultiplication table or a calculating niac R ine. 

the sum boy t R e nuniber nf the column, add these products, 

n.361; s = S ;  h=1 .  

The expected d u e  of the vRriabi1itry for a random 
se ue,nc.e c1rtw-n from the hec1uenc.y distribution of 
T h e  I is found to he 1.855; if, ns is the case in practise, 
we had not known the t,rue coniposition of the universe 
from which tlie sequence WAS drawn, but had been forced 
to use in (25’) the obseired composition of the saniple 
itself, we should hare found 1.SS5 for the espected varia- 
bility. Tlie actually observed mean of the 1,000 varia- 
bilities was 1.84, wit.11 n s t a d a d  error, a.ccording to (34) 
of .0766, sntl hence R probablp wror of .052. 

The ohsen-ed sequence of 1,000 rariahilities was also 
cut up into 100 samples of 10 each. and the mean of each 
of these samples computed. According to (34) tlie 
standsrd error of R iiienn variability computed from 10 
values would be .76: the 100 values were not enough 
to give n smooth frec1uenc.y distribut.ion, but after roup- 
ing them until a smoot.11 distribution was ohtainec P , they 
gave a iiiean of 1.S62 and a st.ancIrtrd deviation of .61. 

Table 3 gives the results of 1,001 drawings from 
another frequency distribution. The results of thcse 
experiments fully confirni the theoretical formulae 
developed in this paper. 

Table -9 
- _ _ _ ~  

Urn cornpasition Saiuple of 1,001 

P P’ I P’-P 

1 
2 
3 
1 
5 
6 

9 
h 
- 


